We perform molecular dynamics simulations to investigate the effect of a glass preparation on its yielding transition under oscillatory shear. We use swap Monte Carlo to investigate a broad range of glass stabilities from poorly annealed to highly stable systems. We observe a qualitative change in the nature of yielding, which evolves from ductile to brittle as glass stability increases. Our results disentangle the relative role of mechanical and thermal annealing on the mechanical properties of amorphous solids, which is relevant for various experimental situations from the rheology of soft materials to fatigue failure in metallic glasses.
Amorphous solids are generated by decreasing the temperature or by increasing the pressure of supercooled liquids, colloidal suspensions, and granular materials [1] [2] [3] . When deformed, their mechanical response is initially elastic but plastic deformations appear at larger strains, which eventually trigger material flow. This elastic-toplastic transformation is a yielding transition, which is an active research topic nowadays [4, 5] . Understanding the microscopic nature of yielding not only helps understanding the physics of glasses [6, 7] , but also guides the design of amorphous materials for industrial applications [8, 9] .
Yielding in amorphous solids is broadly classified into two classes: ductile and brittle yielding. Ductile materials accumulate plastic activity before yielding and show a smooth crossover from elastic to plastic regimes. Many soft glassy materials, such as foams [10] , emulsions [11] , and colloidal glasses [12] belong to this class. Brittle materials can accumulate stress and fail at large deformation, resulting in a sharp stress overshoot accompanied by strain localization. Metallic glasses [9, 13] , window glasses, and concretes [14] are typical brittle materials.
Brittleness is not necessarily an intrinsic material property. For example, brittleness can gradually increase by changing the cooling rate to prepare the system [15] [16] [17] [18] [19] [20] , or by physical aging [21] [22] [23] [24] [25] [26] . This evolution was recently described as a phase transition and confirmed by atomic glass simulations under uniform shear [27] . Evidence was provided that a critical point demarcates ductile and brittle behaviors. This result demonstrates the importance of glass stability to understand yielding.
In many studies of the yielding transition, a large amplitude oscillatory shear (LAOS) protocol is used instead of a uniform shear flow. This is useful to relate macroscopic properties with microscopic trajectories of the constituting atoms [28] . LAOS is also the first step towards understanding the response of amorphous solids under dynamical loading conditions [29] , especially the rheology of soft materials like emulsions and colloids [30, 31] , as well as the mechanism of fatigue failure in metallic glasses [32, 33] . Previous numerical work under oscillatory shear found that yielding is associated with a microscopic irreversible transition at the particle level [34] [35] [36] [37] . It was also shown that small strain amplitude oscillatory shear can increase glass stability [37] [38] [39] [40] . Such "mechanical annealing" [41] was proposed as an alternative route to thermal annealing to prepare stable glasses [42] . When the strain amplitude is increased above yielding, the system cannot find a stable energy state, and the plastic activity associated with energy dissipation is observed at each cycle [34, 37, 38] . Large-scale simulations [37, 39, 43] and a mesoscopic model [44, 45] in this regime showed that macroscopic shear-bands can form at long times, via a mechanism proposed to be similar to shear-band formation under uniform shear at large deformation [46] [47] [48] . However, the role of glass preparation on the nature of yielding under oscillatory shear has not been tested over a broad range of glass stabilities. Therefore, the relative role of thermal and mechanical annealings on mechanical properties remains unclear [34, [37] [38] [39] [40] [41] [42] [43] .
Our goal is to unify the yielding transition of thermally and mechanically annealed systems and to study how yielding changes when glass preparation is varied over a broad enough range to mimic the physics of both colloidal and metallic glasses under oscillatory shear. We use atomistic computer simulations of a simple glass-former over a wide range of preparation temperatures [49] . We carefully disentangle the relative roles of mechanical and thermal annealings, and the various physical regimes accessible in the (strain amplitude, preparation temperature) phase diagram, regarding both the nature of the yielding transition and the distinct mechanisms of shearband formation in different glassy materials.
We simulate a three-dimensional size polydisperse system [49] with a pairwise soft potential given by
where r ij = |r i − r j | is the distance between particles [49] . We study the range T init ∈ [0.062, 5], and work at fixed number density, ρ = 1.02. These equilibrium configurations are then instantly quenched to zero temperature (using the FIRE algorithm [50] ) to form the initial glass configurations to be sheared. The model and physical properties of these glasses were documented in Refs. [27, 49, 51, 52] .
In particular, the energy of the inherent structures, E IS , is almost constant at high T init , and starts decreasing as T init drops below the onset temperature T onset ≈ 0.18. Several physical properties change qualitatively when T init decreases below the mode-coupling crossover temperature, T MCT ≈ 0.108 [52] . The estimated experimental glass temperature is T g ≈ 0.067. We deform these zero-temperature amorphous solids using a simple oscillatory shear, with a strain amplitude γ 0 . We employ both the athermal quasi-static (AQS) shear protocol [53] and the finite (but small) strain-rate protocol. A homogeneous shear strain is realized using Lees-Edwards boundary conditions [54] . In the AQS protocol, the system is strained at each step by a small incremental strain |∆γ| = 2 × 10 −4 , after which the configuration is again relaxed into the nearest energy minimum. In the finite strain-rate protocol, the system is driven by an overdamped dynamical equation [34] 
wherex andŷ are the unit vectors in the x and y directions, r i is the position of particle i, and ξ is the friction coefficient which sets the time unit dξ/ǫ 0 . The applied strain is γ(t) = γ 0 sin(2πt/T cyc ), with an oscillation period T cyc . Most reported results are for the finite strainrate protocol with a small strain rateγ 0 ≡ 2πγ 0 /T cyc = 6.2832 × 10 −4 using N = 12000. In Supplemental Material (SM), we show that this finite strain rate is small enough to reproduce results obtained from the AQS limit [55] . Where needed, we also discuss the results of AQS simulations and larger systems N = 48000. A complete system size dependence is presented in SM [55] . For each data point, we average over at least 50 cycles for at least three different initial conditions after the system reaches a steady state. Unless specified otherwise, error bars in each figure represent the standard deviation of the measurements. We first present the behavior of macroscopic rheological quantities in the steady state after many cycles. We calculate the leading order description of the nonlinear stress-strain relation [28] by fitting the time-dependent shear stress σ(t) (see SM for the definition [55] ) to σ 0 sin(2πt/T cyc + δ 0 ), where σ 0 is the stress amplitude and δ 0 is the phase lag. We then obtain the storage modulus as G ′ = σ 0 cos(δ 0 )/γ 0 . The γ 0 -dependence of these quantities is shown in Figs. 1(a) -(c) for several preparation temperatures T init . Data for the less annealed systems, 0.12 ≤ T init ≤ 5, whose stabilities would correspond to typical soft materials [27] , essentially collapse on curves that are continuous with a cusp at the same yield strain amplitude γ Y ≈ 0.08 irrespective of T init ; (a) σ 0 displays a smooth overshoot at γ Y , consistent with Refs. [34, 37, 38] ; (b) δ 0 starts to increase sharply, but almost continuously at γ Y ; (c) G ′ decreases with a kink at γ Y , as also shown in Ref. [34] . A qualitatively distinct behavior is observed when T init is below a critical value T c ≈ 0.1. The data at small γ 0 no longer collapse and are distinct for each T init . One observes that more stable glasses have larger shear and storage moduli, and are less dissipative than poorly annealed ones. At the yielding transition point, all data display a sharp discontinuity, which itself depends on the glass stability. To our knowledge, such large discontinuities were not observed before in computer simulations under oscillatory shear, because it was impossible to produce stable enough glasses. Beyond yielding, all curves merge again, as the plastic activity drives the glass away from its stable initial conditions, and memory is eventually lost [37, 38] . In Fig. 1(d) , we show the magnitude of the jumps of the various rheological quantities at γ Y as a function of T init (See SM for the exact definitions of these quantities [55] ). This representation eloquently demonstrates that the nature of yielding changes qualitatively at the critical value of T c ≈ 0.1. This is very close to (but different from) the mode-coupling crossover and to the critical temperature discussed in the context of uniform shear [27] .
To analyze the relative role of thermal and mechanical annealings, we study the dependence of the steady state inherent structure energy, E IS , on T init and γ 0 , see Fig. 2(a) . We again find two qualitatively distinct behaviors, depending on the value of T init before yielding. For γ 0 = 0, E IS decreases with decreasing T init , reflecting the increasing stability of the initial conditions by thermal annealing [52] . For T init > T c , E IS is a decreasing function of γ 0 , which confirms that poorly annealed glasses can access deeper energy states when submitted to oscillatory shear of modest amplitude. This is mechanical annealing (MA), as reported in previous works [41, 42] . By contrast, for T init < T c [56] , mechanical annealing is not observed. This implies that thermal annealing (TA) is so efficient for these glasses that mechanical annealing is no longer able to drive them towards lower energy states, which is a novel finding in this work.
Driving poorly annealed glasses above yielding produces instead higher energy configurations, and the yielding transition for those materials appears therefore as a cusp in E IS , whereas it again appears as a sharp discontinuity when T init < T c . We conclude that mechanical annealing operates for small γ 0 and high enough T init , but becomes inefficient when the effect of thermal annealing increases at low T init . The emergence of the critical temperature T c can be physically understood as a direct consequence of this competition. It corresponds to the temperature below which mechanical annealing is no longer useful. Since T c corresponds to a sharp change in the nature of yielding, we see no conceptual reason to relate it to the mode-coupling temperature, which describes a smooth physical crossover [57] . An equivalent view is that mechanical annealing cannot produce E IS values lower than a threshold energy, E c , which is the minimum of E IS for γ 0 = γ Y for T init > T c , and MA is totally inefficient for thermally annealed glasses whose E IS is already below E c at γ 0 = 0. In this view, the nature of yielding changes for glasses prepared deeper than a critical inherent structure energy, E c , which suggests a qualitative change in the nature of the potential energy minima occurs at E c .
These findings can be summarized in the nonequilibrium phase diagram in the (γ 0 , T −1 init ) plane shown in Fig. 2(b) . The yield strain amplitude γ Y demarcates the "elastic" region at low strain amplitude where the plastic activity is suppressed in steady state, from the "yielded" region where plastic events occur during each cycle at large strain amplitude. γ Y is constant in the regime dominated by mechanical annealing (MA regime) for T init > T c [38] , but it increases with decreasing T init in the regime dominated by thermal annealing (TA regime). The value of T c can be determined by a power law fit of γ Y [55] , which gives T c ≈ 0.101. This is not far from the critical temperature 0.095 reported in Ref. [27] . Although the nature of yielding changes dramatically with T init , it is accompanied for all stabilities by a similar discontinuous irreversible transition at the particle scale (see, for example Fig. S9 in Ref. [55] ).
The existence of two distinct regimes for yielding under oscillatory shear also influences the nature of shearbanding above yielding. Recent works on the poorly annealed glasses in the AQS limit and small strain rate suggested that persistent shear-bands may emerge under oscillatory shear for large systems at long times [37, 39, 43] . We confirm that a persistent shear-band forms in our simulations at long times in similar conditions, but it does not appear when the strain rate is large or γ 0 is away from γ Y [55] . In Fig. 3(a) , we illustrate the slow emergence of a shear-band after many cycles using AQS simulations and larger system size, N = 48000, starting from a poorly annealed glass with T init = 0.5. A color map of the one-cycle non-affine deformation d na,i for each particle i [58] is used to visualize strain localization after many cycles. To quantify the gradual formation of the shear-band, we introduce an order parameter |H|, which quantifies the extent of spatial inhomogeneities of d na,i . See SM for the precise definition of d na,i and |H| [55] . In Fig. 3(c) , we report the corresponding slow increase of |H|. The finite value of |H| at steady state implies the presence of a persistent shear-band.
Shear-band formation is very different for T init < T c , as demonstrated in Fig. 3(b) . In the first few cycles, a very small amount of localized plastic activity is observed. This is followed by a sudden, macroscopic failure of the material accompanied by the instantaneous formation of a shear-band at n = 29 cycles. The shear-band is formed within a single cycle, which is very different from the gradual emergence reported for T init > T c at long times [37, 39, 43] . The observed behavior is reminiscent of fatigue failure in metallic glasses under cyclic loading in the sense that, after some loading cycles, the system fails abruptly [59] . The time dependence of |H| in Fig. 3(c) confirms the sudden formation of the band, which gradually broadens as the number of cycles increases. At very long times, the memory of the initial condition is lost and both types of systems display similar dynamics.
In this work, we systematically analyzed the mechanical properties under oscillatory shear of amorphous solids prepared at different depth in the energy landscape and the interplay between thermal and mechanical annealings. We have identified a critical temperature T c separating two distinct regimes for yielding. For systems prepared at T init > T c in the MA regime (corresponding to typical soft materials), mechanical annealing can drive the system towards lower energy states at small strain amplitude, but memory is gradually lost at large strain amplitude. In the TA regime, T init < T c (corresponding to typical metallic glasses), no mechanical annealing occurs at small strain amplitudes, and yielding corresponds to a macroscopic failure of the material accompanied by a discontinuous jump of macroscopic rheological quantities and energy, associated with the sudden appearance of a shear-band. Therefore, the MA and TA regimes are separated by a ductile-to-brittle transition. The present work dealing with oscillatory shear extends qualitatively similar findings obtained for uniform shear in AQS conditions [27] to time-dependent flows. Yet, the critical temperature in oscillatory shear T c ≈ 0.101 is slightly different from the critical temperature ≈ 0.095 characterizing the brittle-to-ductile transition in uniform shear. This may suggest that brittleness depends in general on the loading conditions [60] , even though both critical temperatures presumably share the same physical origin.
We observed distinct mechanisms of shear-band formation in the MA and TA regimes. A shear-band forms gradually at long times in the MA regime, becoming per-sistent in the steady state after yielding. In the TA regime, however, an abrupt emergence of a shear-band in a single cycle is found. In particular, before shearband formation, a small number of localized precursor events are observed (see Fig. 3(b) ), which would initiate a macroscopic shear-band [61] . Future work should address in more detail the distinct mechanisms for shearbanding in these two regimes. Some preliminary results on this aspect are shown in SM [55] .
We investigated the important role of glass stability on the yielding under oscillatory shear relevant for various experimental situations from the rheology of soft materials to fatigue failure in metallic glasses. Our work elucidates the interplay between mechanical and thermal annealing processes, providing useful information for material design in industrial applications [62] , as well as theoretical descriptions of amorphous materials under cyclic deformation [44, 45, 63] .
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